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ABSTRACT
Recently, a new concept for continuum robots capable of
producing macro-scale and micro-scale motion has been
presented. These robots achieve their multi-scale motion
capabilities by coupling direct-actuation of push-pull back-
bones for macro motion with indirect actuation whereby the
equilibrium pose is altered to achieve micro-scale motion.
This paper presents a first attempt at explaining the micro-
motion capabilities of these robots from a modeling perspec-
tive. This paper presents the macro and micro motion kine-
matics of a single segment continuum robot by using statics
coupling effects among its sub-segments. Experimental ob-
servations of the micro-scale motion demonstrate a turning
point behavior which could not be explained well using the
current modeling methods. We present a simplistic modeling
approach that introduces two calibration parameters to cal-
ibrate the moment coupling effects among the sub segments
of the robot. It is shown that these two parameters can re-
produce the turning point behavior at the micro-scale. The
instantaneous macro and micro scale kinematics Jacobians
and the calibration parameters identification Jacobian are
derived. The modeling approach is verified against experi-
mental data showing that our simplistic modeling approach
can capture the experimental motion data with RMS position
error of 5.82 µm if one wishes to fit the entire motion pro-
file with the turning point. If one chooses to exclude motions
past the turning point, our model can fit the experimental
data with an accuracy of 4.76 µm.
1 Introduction
Current robotic manipulators for minimally invasive
surgery (MIS) are capable of dexterous motion for surgi-
cal tasks requiring large workspace and position accuracy
ranging from 0.5 to 1.5 mm. For example, the root mean
square (RMS) localization accuracy of the da-Vinci Classic
and da-Vinci S was evaluated experimentally as 1.02 mm
and 1.05 mm respectively by Kwartowitz et al. [1, 2]. De-
spite recent increases in precision, current commercial sur-
gical systems are unable to support micro-surgical precision
(less than 0.1mm precision), and such precision can bene-
fit micro-surgical tasks (e.g. micro-anastomosis and micro-
vascular reconstruction [3–6]).
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3
µ-motion
Fig. 1. Continuum robots with equilibrium modulation (CREM): 1
secondary tubular backbones, 2 spacer disks, 3 equilibrium modu-
lation backbones.
This paper is motivated by a need for increased motion
resolution at a micro-surgical scale and during deep surgical
access minimally invasive surgery. In addition, the paper is
equally motivated by the potential benefits of a new class of
surgical devices capable of multi-scale motion. Such devices
promise to provide a large workspace for traversal of deep
passageways and for gross surgical manipulation while of-
fering micro-scale motion suitable for cellular-level surgery.
We refer to devices capable of macro and micro-scale motion
as Multi Scale Motion (MSM) devices. With the advent of
new devices with integrated optical coherence tomography
imaging and confocal endo-microscopy (e.g. [7, 8]), the use
of MSM can allow future image-based biopsy with imaging
resolutions at cellular size [9,10]. Such devices can in the fu-
ture support surgical decisions on continued tumor excision,
which can minimize the need for repeat follow-up surgeries
due to incomplete resection of tumors.
To achieve MSM capabilities, this paper adopts the new
design concept for Continuum Robot Equilibrium Modula-
tion (CREM), which was first presented in [11]. CREM
robots use a continuum structure that is primarily based on
flexible elements to achieve large scale manipulation (i.e.
robots without hinges and pin joints [12]). They also use
fine adjustments to their static equilibrium pose in order to
achieve micro-scale motion. The design concept for these
JMR-18-1255, Simaan, 1
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robots is presented in Figure 1. This design is modified from
a multi-backbone continuum robot presented in [13]. Each
segment of a multi-segment continuum robot (MBCR) in-
cludes superelastic NiTi backbones. A single central back-
bone is surrounded by secondary backbones that are radially
constrained by spacer disks and equidistantly distributed cir-
cumferentially around the central backbone. Macro motion
of the robot tip is achieved by pushing and pulling on the sec-
ondary backbones (designated by the thick arrows in Fig. 1),
which causes a deformation of the continuum robot body.
We call this method of actuation direct actuation where the
robot actuators directly change the length of the secondary
backbones. In addition, CREM robots use indirect actua-
tion whereby the equilibrium pose of the end effector is indi-
rectly altered through a change of internal force distribution
or by a change in material distribution altering cross sectional
stiffness. For example, by inserting superelastic Ni-Ti beams
(henceforth referred to as the Equilibrium Modulation Back-
bones (EMBs)) inside the secondary backbones (see thin ar-
rows in Fig. 1), the static equilibrium of the robot is altered
(modulated) by minute amounts.
Compared to prior designs, CREM robots possess a
unique capability to allow MSM using a single design. Most
prior works in the area of MSM rely on serial stacking of a
macro-scale motion robot and a micro-scale robot, and such
examples include Egeland’s pioneering work [14] and fol-
lowed by several other works such as [15–21]. Other re-
searchers investigated a variety of actuation methods and
mechanisms to achieve micro motion capabilities, including
a Steward/Gough parallel robot driven by hydraulic micro-
actuators [22], twisted wire actuators for a planar parallel
robot [23], a micromanipulation tool using shape memory
alloy [24], and a piezo-electrically actuated parallel platform
[25]. Although these works achieved micro-scale motion res-
olution, they are not suitable for MSM in confined spaces, in
which continuum robots in general have advantages.
Within the context of continuum robots, the most rele-
vant modeling works are [26] where a solution framework
based on constraints of geometric compatibility and static
equilibrium was derived using elliptic integrals for multi-
backbone continuum robots and [27, 28] where Cosserat rod
theory was used for dynamics modeling of wire-actuated
continuum robots. One could use these methods to model the
tip micro motion, however, due to the formulation complex-
ity and the solutions of equilibrium direct kinematics based
on energy minimization or boundary value problem solution
it is hard to obtain an updated differential kinematics model
that accounts for the exact bending shape curvatures. Also,
due to uncertainties in material properties and friction, using
an exact modeling method does not add value since a model
calibration step has to be carried out anyhow when attempt-
ing to control a physical robot.
Another work is Li et al. [29], where the authors pre-
sented a constrained wire-driven flexible mechanism which
used a constraint rod to selectively adjust its workspace by
altering the length of its distal bending portion. The work
showed that the constraint rod can change the workspace.
The design however does not lend itself to easily allowing
MSM and the work did not consider methods for achieving
or modeling CREM.
Finally, our proposed design differs substantially from
concentric tube robots [30, 31] in that the equilibrium mod-
ulation that creates the tip micro-motion is still governed by
the strong geometric constraints employed by the parallel-
backbone structure. Concentric tube continuum robots
achieve their workspace through antagonistic bending of
tube pairs and therefore they can theoretically be used for
micro-scale equilibrium modulation. However to achieve
micro-scale motion the designers are forced to use stiffness
matched tube pairs with a very small difference in free cur-
vature. The attainment of micro-scale motion by concentric
tube robots therefore comes at the expense of sacrificing the
macro-scale motion capabilities.
In contrast to the above-mentioned works, this paper
takes a different approach. Instead of focusing on a high
fidelity model, we present a simplified model that can be
readily used to obtain the differential micro-motion kinemat-
ics Jacobian and is readily amenable to formulating a model
calibration problem. This micro motion Jacobian is essential
for control purpose, and an associated identification Jacobian
is needed for calibration purposes. Therefore, the paper fo-
cuses on the derivation of the micro-motion kinematics and
its associated identification Jacobian for calibration and error
prorogation.
This work is built upon our previous work [11], in which
we presented the concept of CREM and provided a visual
measurement solution to observe micro-motion. The work
in [11] lacked a modeling approach that can explain the ex-
perimental observations and that can be used for control and
identification purposes. The contribution of this work is in
presenting a simplified kinematic modeling framework that
captures the micro-motion achieved by the equilibrium mod-
ulation of continuum robots, and in developing a calibration
approach to capture the model parameters. We put forth
the concept of moment coupling effect as a simplified ap-
proach to describe the equilibrium modulation behavior, and
thereby, both direct kinematics and instantaneous kinematics
are formulated for control purposes. To account for errors
potentially caused by the simplistic modeling assumptions, a
modeling uncertainty term is introduced, and the identifica-
tion Jacobian along with a calibration framework to capture
the parameterization is developed. Using the multi-backbone
continuum robot design in [11] as a validation platform, we
validate the kinematic model and model calibration experi-
mentally while augmenting these results with additional sim-
ulation validations.
2 Equilibrium Modulation Backbone Insertion to Cre-
ate Micro Scale Motion
This section presents the bending shape equilibrium
modeling in the case where the Equilibrium Modulation
Backbone (EMB) insertion is at a given depth qs. To motivate
the modeling approach taken we will first refer the readers to
[13] where the simplified kinematics of multi-backbone con-
tinuum robots was presented. When the EMBs are not in-
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serted and for proper design parameters (e.g. small spacing
between the spacer disks) the continuum segment bends in a
constant curvature [32]. We use this assumption to create a
simplistic equilibrium model which lends itself to fast real-
time computation. Since we have to account for modeling
uncertainties due to friction and material parameter uncer-
tainties, we later lump the error of the simplified model in an
uncertainty term λ that will be used to produce an updated
CREM model.
2.1 Simplistic Equilibrium Model
(a) (b)
θ θ′
θs
qs
m1
m1
m2
ms
m1
′
m1
′
2
3
4
1
5
Lsi
Lεi
Li
Fig. 2. Example of a bent snake segment inserted with an equilib-
rium modulation backbone (EMB). For clarity, the spacer disks are
not shown. 1 End-disk, 2 Empty subsegment, 3 Separation plane
at EMB insertion depth qs, 4 Inserted subsegment, 5 Base-disk.
Figure 2 shows the free body diagram of a continuum
segment with and without an inserted EMB. In Fig. 2(b), a
separation plane is defined at the insertion depth qs, divid-
ing the segment into two subsegment - Inserted and Empty.
Though not accurate, the two subsegments are both assumed
to have constant but different curvatures. The angles θ′ and
θs denote the bending angles of the end-disk and at the in-
sertion depth, respectively, when the EMB is inserted. The
angle θ denotes the nominal bending angle when the EMB
is not inserted. The angle θ0 = pi/2 denotes the angle at the
base of the segment.
We first consider the resultant moment m1 that the back-
bones apply on any imaginary cross section of the continuum
segment when no EMB is inserted (Fig. 2(a)):
m1 = EpIp
θ−θ0
L
+∑i EiIi
θ−θ0
Li
(1)
Where Ep, Ei and Ip, Ii denote the Young’s moduli and cross-
sectional bending moments of inertia of the central backbone
and the ith secondary backbone, respectively. Also L and Li
denote the lengths of the central backbone and the ith sec-
ondary backbone.
We also consider the moment m1′ along the empty sub-
segment in the case of EMB being inserted (Fig. 2(b)):
m1′ = EpIp
θ′−θs
L−qs +∑i EiIi
θ′−θs
Lεi
(2)
Where Lεi denotes the i
th backbone length portion that be-
longs to the empty subsegment (this is the arc-length from
the separation plane until the end-disk).
We next use key definitions from [33]. The radial dis-
tance between the secondary backbones and the primary
backbone is denoted r. When r is projected onto the plane in
which a segment bends, we obtain the projected radial dis-
tance ∆i:
∆i = r cos(σi), σi = δ+(i−1)β (3)
where σi designates the angular coordinate of the i th back-
bone relative to the bending plane. The angular coordinate of
the first backbone relative to the bending plane is δ and the
angular separation between secondary backbones is β = 2pin
where n is the number of secondary backbones.
The length of the i th backbone, Li is derived using the
fixed radial offset between the backbones:
Li = L+∆i(θ−θ0) (4)
Using similar rationale, we calculate the empty length por-
tion Lεi and the inserted length portion of the i
th secondary
backbone Lsi :
Lsi = qs+∆i(θs−θ0) (5)
Lεi = (L−qs)+∆i(θ′−θs) = Li−Lsi (6)
In both Fig. 2(a) and (b), the static equilibrium at the
end-disk is determined by the geometric constraints and the
backbone loading forces at the end-disk. For example, coor-
dinated pulling and pushing on all secondary backbones are
assumed to form a force couple that generates only a moment
at the end-disk.
We next use a simplifying assumption that the effect of
EMB wire insertion on changes in the bending curvatures of
the un-inserted subsegment backbones is negligible, hence:
m1 = m1′ (7)
Next, we consider m2 and ms, the moments that the
secondary backbones and the EMB apply on the separation
plane as shown in Fig. 2(b):
m2 = −
(
EpIp
θs−θ0
qs
+∑i EiIi
θs−θ0
Lsi
)
(8)
ms = −EsIs θs−θ0qs (9)
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Where Es and Is denote the Young’s modulus and cross-
sectional bending moment of inertia of the EMB.
Substituting equations (1, 2) into (7), results in one
equation having two unknowns θ′ and θs as illustrated in
Fig. 2(b). To obtain the second equation necessary for solv-
ing for these two unknowns, we use the moment balance on
the separation plane:
m1′+m2+ms = 0 (10)
To solve equations (10) and (7) for the unknowns θ′ and θs
we explicitly express the backbone moments using the beam
equation m= EIκ where κ designates the radius of curvature
and EI designates the bending cross sectional stiffness of a
beam. In doing so, we note that the curvature of a beam bent
in a circular shape satisfies κ = θL where θ is the deflection
angle and L is the beam length. Since the backbone lengths
are a function of the unknowns, we will rewrite the moment
equation for a beam as m = EIL θ and, by defining the beam
angular deflection stiffness kθ , EIL we obtain a simple equa-
tion for the moment m = kθθ.
Using the above definition for beam angular deflection
stiffness, we rewrite the moment equations for each beam as:
m1 = kθ0 (θ−θ0), kθ0 =
EpIp
L
+∑i
EiIi
Li
(11)
m1′ = kθ1 (θ
′−θs), kθ1 =
EpIp
L−qs +∑i
EiIi
Lεi
(12)
m2 =−kθ2 (θs−θ0), kθ2 =
EpIp
qs
+∑i
EiIi
Lsi
(13)
ms =−kθs (θs−θ0), kθs =
EsIs
qs
(14)
Substituting Eq. (12)-(14) in Eq. (10) results in:
θs =
kθ1θ
′+ kθ2θ0+ kθsθ0
kθ1 + kθ2 + kθs
(15)
Substituting equations (11) and (12) in Eq. (7) results in:
θ′ =
k0
k1
(θ−θ0)+θs = fθ′(θs) (16)
As a final step in the solution, we substitute the result in
Eq. (16) in Eq. (15), thereby obtaining θs and subsequently
θ′.
2.2 Updated CREMModel
Equations (15) and (16) present the solution to the sim-
plistic modeling approach that is fundamentally based on
Eq. (7) and Eq. (10). In addition to the simplified assump-
tion, the current model also neglects modeling uncertainties
due to frictional effects and material property uncertainties.
Prior works in [34, 35] show that these uncertainties include
friction and strain along the actuation lines, non-uniformly
distributed load on backbones that causes shape deviations
from constant-curvature bending, deviations in the cross sec-
tion of the backbones during bending, and uncertainties in
the properties of the NiTi backbones.
To account for the modeling uncertainties caused by
friction, material uncertainty1, and our simplistic model, we
introduce an uncertainty term λ to Eq. (10):
m1′+m2+ms = λ(qs,θ,kλ) (17)
The uncertainty term λ captures effects of EMB insertion off-
set, bending angle uncertainty and a fixed offset:
λ(qs,θ,kλ) = kλ0 + kλθ θ+ kλq qs; kλ , [kλ0 ,kλq ,kλθ ]
T
(18)
The solution in Eq. (15) is also updated to:
θs =
k1θ′+ k2θ0+ ksθ0−λ
k1+ k2+ ks
(19)
Having obtained the solutions to the equilibrium tip
bending angle θ′ and the bending angle at the separation
plane θs, we introduce an equilibrium configuration space
variable vector φ to combine them. With the purpose of
preparing for kinematic derivations in later sections when we
break a single continuum segment down to two subsegments,
the vector φ is defined as:
φ , [θs,θε]T, θε , θ′+
(pi
2 −θs
)
(20)
Where θε represents the bending angle of the empty subseg-
ment.
We define the configuration space variable ψ as the
nominal bending angle θ and the bending plane angle δ:
ψ , [θ,δ]T (21)
Finally, the solution to equilibrium modeling problem is
presented as a mappingF eqm which is used in deriving the
Jacobian matrices in the following sections:
φ =F eqm(ψ,qs,kλ), φ ∈ IR2,ψ ∈ IR2,kλ ∈ IR3 (22)
Equation (22) provides the end disk equilibrium angle for a
combination of any given EMB insertion length qs, nominal
bending angle θ, and bending plane angle δ.
1Manufacturer-specified Young’s modulus for superelastic NiTi is typi-
cally provided with a wide range of 40-70 GPa
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3 Kinematic Modeling
Kinematic modeling of CREM includes the mapping of
configuration space to task space and its differential kine-
matics. The differential kinematics include the instantaneous
kinematics and the error propagation.
The instantaneous kinematics is derived for control pur-
pose, and it includes two motion Jacobian matrices that both
relate actuation speeds to the robot tip velocity. The macro
motion Jacobian JM is associated with the joint velocities
of push/pull on backbones (direct actuation) while the micro
motion Jacobian Jµ is related to the EMB insertion velocity
(indirect actuation).
The kinematic error propagation investigates how errors
in parameters contribute to errors in kinematic measurements
of task space (e.g. measured positions). In this work, we
focus on the vector kλ that parameterizes the modeling un-
certainty. Other robot geometric kinematic parameters can
be calibrated following [36]. An identification Jacobian Jk is
derived and used in section 4 to estimate kλ with experimen-
tal measurements.
3.1 Kinematic Modeling Using MappingF eqm
δs
δε
δε
θs
θε
xˆb
yˆb
xˆ1
zˆb = zˆ1
yˆc
xˆc
xˆp
zˆc = zˆp
yˆg
xˆg
zˆg = zˆe
xˆe
Frame{G}
Frame{C}
qs
1
2
Fig. 3. A single segment treated as two concatenated subsegments
for a given micro-motion wire insertion depth. 1 Empty subsegment,
2 Inserted subsegment.
With the mappingF eqm in Eq. (22) derived as the result
of static equilibrium, the kinematic mapping can be formu-
lated by considering a single continuum segment as two con-
catenated subsegments - the inserted and the empty, divided
at the insertion depth qs. Figure 3 illustrates our approach
to analyzing the two concatenated subsegments. The bend-
ing angles of both subsegments were introduced in Eq. (20),
denoted as θs and θε, for the inserted and the empty subseg-
ment. Since the whole segment is assumed to bend in plane,
both subsegments have the equal bending plane angles:
δs = δε = δ (23)
The kinematic nomenclature used in this paper refers to Ta-
ble 1 (shown in Fig. 3).
Recalling the direct kinematics of a single segment [34]
having length Lx and an end disk angle θx, the end disk pose
(position and orientation) relative to the base are given by:
basep end-disk / base =
Lx
θx−pi/2
 cosδx (sinθx−1)−sinδx (sinθx−1)
−cosθx
 (24)
baseR end-disk = e−δx [z
∧] e(
pi
2−θx)[y∧] eδx [z
∧] (25)
Where δx designates the angle of the bending plane (analo-
gous to δ in Fig. 3), [v∧] represents the cross-product matrix
of vector v and the matrix exponential e α[v
∧] represents a
rotation matrix about the axis v by an angle α.
To obtain the pose of the end disk of the inserted seg-
ment is given by bpc/b and bRc we substitute Lx = qs,θx =
θs,δx = δ in Eqs. (24, 25). Similarly, the pose of the end disk
of the empty segment relative to its base is obtained by sub-
stituting Lx = L−qs,θx = θε,δx = δ in Eqs. (24, 25) to result
in cpg/c and cRg.
The pose of the free subsegment end disk relative to the
segment base is given by:
bpg/b = bpc/b+ bRc cpg/c ,F g(φ,δ,qs) (26)
bRg = bRc cRg = Rg(φ,δ) (27)
Casting the above two equations in a homogeneous trans-
form format yields:
bTg =
[ bRg bpg/b
0 1
]
,F T (φ,δ,qs) (28)
With φ expressed using mapping F eqm(ψ,qs,kλ), the for-
ward kinematics is determined, which can be also written as:
bTg ,F T (ψ,qs,kλ) (29)
3.2 Differential Kinematics
The total differential of a homogenous transformation
T ∈ SE(3), may be represented as:
dξ ,
[
(dx)T,(dµ)T
]T
, dξ ∈ IR6×1 (30)
dx, d(bpg/b), dµ , [dµx,dµy,dµz]T (31)
Where dx and dµ represent translational and rotational differ-
entials in the base frame2. The vector µ ∈ IR3×1 represents a
chosen orientation parametrization (e.g. Euler angles).
The total differential of bTg is obtained by considering
differentials on all variables, i.e. dφ, dδ, and dqs:
dξ =
∂ξ
∂φ
dφ +
∂ξ
∂δ
dδ +
∂ξ
∂qs
dqs (32)
2A differential rotation is a sequence of rotations of small angles.
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Using the nomenclature of a Jacobian Jab such that δa =
Jabδb, we define the following Jacobian matrices:
∂ξ
∂φ , Jξφ ∈ IR6×2, ∂ξ∂δ , Jξδ ∈ IR6, ∂ξ∂qs , Jξqs ∈ IR
6 (33)
The Jacobian matrices Jξφ , Jξδ, and Jξqs , respectively, relate
the differential on equilibrium configuration space variable
dφ = [dθs,dθε]T, the differential on bending plane angle dδ,
and differential on EMB insertion depth dqs, to the corre-
sponding differential contributions on the pose vector dξ.
Both Jξφ and Jξδ can be obtained by treating the inserted
and empty subsegments as a concatenated two-segment
robot, which is explained in section 3.3.
The third Jacobian, Jξqs , defined as the partial deriva-
tive, ∂ξ/∂qs, is derived with the other variables (φ and δ)
held constant. The end-effector orientation, given by bRg in
Eq. (27) is not a function of qs. Therefore, by considering
only the translational differential due to dqs, we have:
Jξqs =
 ∂ bpc/b∂qs + bRc ∂
cpg/c
∂qs
03×1
 (34)
Where
∂ bpc/b
∂qs and
∂ cpg/c
∂qs are derived from Eq. (24). It is
Table 1. Nomenclature for Kinematic Modeling
Symbol Description
Frame
{F}
designates a right-handed frame with unit vectors xˆ f , yˆ f , zˆ f
and point f as its origin.
Frame
{B}
the base disk frame with b located at the center of the base
disk, xˆb passing through the first secondary backbone and zˆb
perpendicular to the base disk.
Frame
{1}
Frame of the bending plane having zˆ1 = zˆb and xˆ1 passing
through with the project point of the end disk center. The angle
δ is defined as from xˆ1 to xˆb about zˆb according to right hand
rule.
Frames
{E} &
{G}
Frame {E} is defined with zˆe as the normal to the end disk and
xˆe is the intersection of the bending plane and the end disk top
surface. Frame {G} is the gripper frame that has the same zˆ as
{E}, i.e. zˆg = zˆe, but xˆg is passing through the first secondary
backbone. It can be obtained by a rotation angle (−σ1e) about
zˆe.
Frames
{P} &
{C}
These frames are defined in a manner similar to the definition
of frames {E} and {G} but for a specific arc insertion length
qs as opposed to the full length of the robot segment L. The
xˆc− yˆc plane is the insertion plane as in shown in the planar
case in Fig. 2.
Frame
{I}
designates the microscope image frame having the origin at
the corner of the image and having its x-y axes aligned with
the width and height directions
(
Fig. 7(a, c)
)
.
Frame
{M}
designates the marker frame that is determined by segmenta-
tion of the microscope image
(
Fig. 7(c)
)
.
Vector
xpa/b
designates the position of point a relative to point b that is
expressed in frame {X}.
important to note that Jξqs differs from the micro motion Ja-
cobian Jµ derived later in that Jξqs is a contributing part of
Jµ - the length ‘tangential’ contribution, while dqs also prop-
agates to dφ that also causes change on dξ.
Having derived the above three Jacobian matrices, Jξφ ,
Jξδ, and Jξqs , we obtain the pose total differential dξ ex-
pressed using differentials dφ, dδ, and dqs. Further, the dif-
ferential dφ is a result of multiple other differentials, which
can be seen from mappingF eqm(ψ,qs,kλ). To fully investi-
gate and decouple the contributions of direct (macro) and in-
direct (micro) actuation, we express dφ using differentials on
(ψ,qs,kλ). This differentiation is also motivated by Eq. (29),
where the variables are decoupled as ψ for macro motion, qs
for micro motion, and kλ for micro motion parameters. Such
differentiation is derived as:
dφ =
∂φ
∂ψ
dψ+
∂φ
∂qs
dqs+
∂φ
∂kλ
dkλ (35)
∂φ
∂ψ
=
[
∂φ
∂θ ,
∂φ
∂δ
]
,
∂φ
∂kλ
=
[
∂φ
∂kλ0
, ∂φ∂kλθ
, ∂φ∂kλq
]
(36)
Where the gradient terms are derived in Appendix A as:
∂φ
∂θ
= (AS0−ΓθsS1)−1 Γθ , Jφθ (37)
∂φ
∂δ
= (AS0−ΓθsS1)−1 Γδ , Jφδ (38)
∂φ
∂qs
= (AS0−ΓθsS1)−1 Γqs , Jφqs (39)
∂φ
∂kλi
= (AS0−ΓθsS1)−1 B′kλi , Jφkλi ,
∂φ
∂kλ
, Jφkλ (40)
Cφ , S0φ−C0, Γx = B′x−A′xCφ (41)
Matrices A′x,B′x are partial derivative matrices with respect
to variable ‘x’, and A,S0,B,C0,S1 are defined as:
A=
[
k1+ k2+ ks −k1
k1 −k1
]
, S0 =
[
1 0
1 1
]
(42)
B=
[
(k2+ ks)θ0−λ
k0(θ0−θ)
]
, C0 =
[
0
θ0
]
, S1 =
[
1 0
]
(43)
Using Eq. (37-43), dφ is fully expressed as Eq. (35). Substi-
tuting dφ into the original differentiation in Eq. (32), we ob-
tain the full differential kinematics that relates differentials
on {ψ,qs,kλ} to the pose total differential dξ:
dξ =
∂ξ
∂φ
∂φ
∂θ
dθ +
∂ξ
∂φ
∂φ
∂δ
dδ +
∂ξ
∂φ
∂φ
∂qs
dqs +
∂ξ
∂φ
∂φ
∂kλ
dkλ +
∂ξ
∂δ
dδ +
∂ξ
∂qs
dqs
(44)
Rewriting Eq. (45) using the Jacobian definitions:
dξ = Jξφ Jφθ dθ + Jξφ Jφδ dδ + Jξδ dδ+
Jξφ Jφqs dqs +Jξqs dqs +Jξφ Jφkλ dkλ
(45)
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Collecting like terms of dψ, dqs, and dkλ, we obtain a dif-
ferentiation that decouples differentials of the macro motion,
the micro motion, and the parameters:
dξ =
[
Jξφ Jφθ Jξφ Jφδ+Jξδ
]︸ ︷︷ ︸
, JMψ
dψ +
[
Jξφ Jφqs +Jξqs
]︸ ︷︷ ︸
, Jµ
dqs + Jξφ Jφkλ︸ ︷︷ ︸
, Jk
dkλ
(46)
The above result completes the mapping from configuration
to task space. It clearly delineates the effects of EDM in-
sertion and direct actuation to achieving macro and micro
motion. For control purposes, a complete mapping from
joint to task space is needed. We therefore consider next the
mapping from direct (macro) actuation joint space q to task
space ξ. Since three secondary backbones are used in our
experimental setup as illustrated in Figure 3, we will define
q, [q1,q2,q3]T where:
qi , Li−L (47)
When obtaining this mapping, we consider the nominal seg-
ment kinematics for multi-backbone continuum robots as in
[13].
The Jacobian that relates the differential dq to the differ-
ential dψ was reported in [32] as:
dq, Jqψ dψ, Jqψ = r
 cδ (θ0−θ) sδc(δ+β) (θ0−θ) s(δ+β)
c(δ+2β) (θ0−θ) s(δ+2β)
 (48)
Where r denotes the constant radial distance between the
central and surrounding backbones, and β = 2pi/3 denotes
the backbone separation angle. Using Eq. (48), we substitute
dψ into Eq. (46), arriving at the final differential kinematics:
dξ = JM dq + Jµ dqs + Jk dkλ (49)
Equation (49) fully decouples the end-effector pose differ-
ential to contributions of the direct (macro) actuation dq,
the indirect (micro) actuation dqs, and the modeling uncer-
tainty dkλ. The three Jacobian matrices are obtained from
Eq. (49) as an important finding of this paper: JM defined as
the Macro motion Jacobian, Jµ defined as the Micro motion
Jacobian, and Jk defined as the Identification Jacobian.
JM =
[
Jξφ Jφθ Jξφ Jφδ+Jξδ
]
(Jqψ)†, JM ∈ IR6×2 (50)
Jµ = Jξφ Jφqs +Jξqs , Jµ ∈ IR6×1 (51)
Jk = Jξφ Jφkλ , Jk ∈ IR6×nk (52)
Where (·)† is the Moore-Penrose pseudo inverse.
3.3 Deriving Jξφ and Jξδ
The result in Eq. (49) builds on knowing the Jacobians
Jξφ ∈ IR6×2 and Jξδ ∈ IR6×1 as mentioned in Eqs. (32, 33).
We now provide a derivation to these two Jacobians. Consid-
ering a single-segment CREM as two concatenated subseg-
ments (inserted and empty), we apply the Jacobian formu-
lation for a two-segment multi-backbone continuum robot
(MBCR) while assuming that both subsegments share the
bending plane angle δ. For the ease of adapting formulations
from [32], we introduce a vector notation:
δv ,
[
δs
δε
]
=
[
1
1
]
δ, dδv ,
[
dδs
dδε
]
=
[
1
1
]
dδ (53)
We next use the notation of i−1ξi/i−1 to denote the pose of
the ith subsegment relative to the (i−1)th subsegment where
i ∈ {s,ε}. Using v and ω to denote linear and angular veloci-
ties, we define the corresponding four Jacobian matrices cor-
responding with the contributions of dθi,dδi where i ∈ {s,ε}
to the end-effector twist:
∂ i−1ξi/i−1
∂([θi,δi]T)
,
[
Jvθi Jvδi
Jωθi Jωδi
]
∈ IR6×2, i ∈ {s,ε} (54)
Details of the derivations of the Jacobians are provided in
Appendix B.
Following [37], the serial composition of two subseg-
ments using twist transformation results in the end effector
twist:
Jξφ =
∂ξ
∂φ
=
[
Jvθs −
[
bRc cpg/c
]∧ Jωθs bRcJvθε
Jωθs bRcJωθε
]
(55)
Jξδv =
∂ξ
∂δv
=
[
Jvδs −
[
bRc cpg/c
]∧ Jωδs bRcJvδε
Jωδs
bRcJωδε
]
(56)
These definitions of Jξφ and Jξδv complete the two missing
terms needed in Eq. (49), but with a slight formulation mod-
ification. The Jacobian matrix Jξδ is slightly different from
Jξδv in Eq. (56), and using the differentiation chain rule it
becomes:
Jξδ ,
∂ξ
∂δ
=
∂ξ
∂δv
dδv
dδ
= Jξδv
[
1
1
]
(57)
4 Calibration of Micro Motion Parameters
To calibrate the model uncertainty parameters kλ, we
extract from Eq. (49) the following relation:
δξ(δkλ) = Jkδkλ (58)
Using this error propagation model, we construct an estima-
tion method to estimate kλ. Let ξ j ↔
[
x¯ j, R¯ j
]
designate the
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measured end-effector pose at the jth robot configuration (in-
sertion depth) where x¯ j and R¯ j designate the measured po-
sition and orientation. Let x j and R j denote the modeled
pose using the direct kinematics as presented in section 3.1
for a given kλ. The error between the measured and modeled
poses are then defined as:
c j ,
[
(x¯ j−x j)T,(αe jmˆe j)T
]T
, c j ∈ IR6 (59)
where αe j and mˆe j are the angle and axis parameterizing the
orientation error Re j . These parameters are given by:
Re j , R¯ jR jT = e
αe j [mˆe j ]
∧
(60)
αe j = cos
−1
(
Tr(Re j )−1
2
)
(61)
mˆe j =
1
2sin(αe)
(
Re j −Re j T
)∨
(62)
where the operator (·)∨ designates the vector form of a skew-
symmetric matrix.
An aggregated error vector c˜λ is defined to include er-
rors of all N robot configurations:
c˜λ =
[
(c1)T, . . . ,(cN)T
]T
(63)
The optimization objective function Mλ is then defined as:
Mλ(kλ) =
1
2N
c˜λT W c˜λ (64)
Where W is a weight matrix encoding confidence in the mea-
surements and the measurement unit scaling factors.
The first-order Taylor series approximation of Mλ is
given:
Mλ(kκ+δkκ)≈Mλ(kλ)+JMλδkλ (65)
where the aggregated Jacobian JMλ ∈ IR1×5 is given by:
JMλ =
1
N
(c˜λ)T WJcλ (66)
Jcλ =
∂c˜λ
∂kλ
=−
[
(Jk1)
T , . . . ,(JkN )
T
]T
(67)
Equation (66) shows that minimizing Mλ entails follow-
ing the gradient descent direction along (∂c˜λ/∂kλ). The pa-
rameter kλ is then obtained using an iterative nonlinear least
squares estimation shown in Algorithm 1.
In the algorithm, H is the parameter scaling matrix and
the task space variable scaling is achieved by adjusting W,
both of witch are discussed in details in [38].
Algorithm 1 Nonlinear LS Estimate
Require: D{(x¯ j,ψ j,qs j )}, j=1,...,N ; kλ0 , (β,η)> 0
1: START Initialize: ki← kλ0 , Mi−1← 1, Mi← 100
2: while ‖Mλ i−Mλ i−1‖Mλ i−1 ≥ β do
3: Mλi−1←Mλi, c˜p = c˜λ(ki), Mλi = Mλi(ki),
4: Jcλ = Jcλ (ki)
5: Update ki+1:
ki+1 = ki−H
(
η
(
Jcλ
)+ c˜λ) ,η ∈ (0,1] (68)(
Jcλ
)+
=
(
(Jcλ )
TWJcλ
)−1
(Jcλ )
TW (69)
6: end while
7: k∗← ki
Ensure: k∗
5 Simulation Study of Direct Kinematics and Differen-
tial Kinematics
In this section, we present simulations to demonstrate
the direct kinematics and differential kinematics. We also
verify the differential kinematics through finite-difference
simulations. We also carry out simulations to verify the dif-
ferential kinematics model. In all simulations, we assumed
the robot points vertically down at its home (straight) config-
uration.
5.1 Position Analysis of Micro Motion
Using the model in section 3.1, we present the simulated
position analysis of the micro motion created by the EMB in-
sertion. In both simulations and the experimental model val-
idations, we use the parameters as in Table 2. They include
the Young’s modulus of the superelastic NiTi material used
for backbone tubes and EMBs (Ep, Ei, Es), the diameters of
backbones (dp, di, ds), and the cross-sectional moment of in-
ertia (Ip, Ii, Is).
Table 2. Robot Parameters Used in Simulations and Experiments
L r Ep,Ei,Es dp,di ds Ip, Ii Is
44.3mm 3mm 41 GPa 0.90 mm 0.38 mm 0.0312 mm4 0.0010 mm4
Figure 4 shows the simulation results of the micro motion
created by EMB insertion. Figure 4(a) shows the continuum
segment at its initial bending angle θ = 30◦ . During sim-
ulation, the equilibrium bending angles {θ′,θs} were com-
puted at different EMB insertion depths. The resulting tip
micro-motion is shown in Fig. 4(b) for the naïve kinematic
model (i.e. λ = 0). Figure 4(c) shows the tip motion for an
updated model assuming λ = 0.2+ 0.025qs. We note that,
as expected, in both cases the robot straightens with EMB
insertion since the robot body straightens. However, the up-
dated model exhibits a turning point behavior which relates
to the combined effect of straightening and change in the end
effector angle θ′. This same phenomenon was observed ex-
perimentally in section 6. The particular values used for the
parameters defined in Eq. (18), kλ0 = 0.2,kλq = 0.025, are
manually selected to illustrate the turning point behavior that
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(a) Robot Simulation (b) Tip Trajectory Zoom-in
Idealized insertion
(c) Tip Trajectory Zoom-in
Introducing modeling uncertainty
xˆIxˆI
yˆIyˆI
zˆb
yˆb
λ = 0
λ = 0.2 + 0.025 qs
θ′
10µm10µm
Inserting
direction
Micro motion
direction
Micro motion
direction
5000µm
{I}{I}
{I}
{B}
Robot tip
Robot tip
Fig. 4. Simulations of continuum robot micro motion created by EMB insertion: (a) the entire segment when EMB being inserted (only central
backbone and EMB are shown); (b) zoom-in view of the tip micro motion assuming ideal condition, i.e. λ = 0; (c) zoom-in view of the tip
micro motion assuming a linear uncertainty function of λ. {B} and {I} designate the robot base and the camera image frames.
is similar to what is observed in experiments. In practise,
they are calibrated according to section 6.2.
5.2 Instantaneous Kinematics and Error Propagation
To verify the derivations of instantaneous kinematics
and error propagation, we compute Jacobians following sec-
tion 3.2. Since the simulation case represents the robot mo-
tion within a bending plane, the columns of the Jacobians
represent 2×1 vectors of induced velocities for unit change
in the variables associated with each Jacobian. The follow-
ing simulations verify the macro motion Jacobian JM , the
micro motion Jacobian Jµ, and the identification Jacobian Jk
by plotting the Jacobian columns. The verification is car-
ried out visually by verifying that the Jacobian columns in-
duce tip velocity tangent to the trajectory generated by direct
kinematics. In addition, each Jacobian has been also verified
numerically via finite difference computations.
To verify JM , the EMB insertion depth qs was fixed and
direct actuation of backbones was assumed. Sample tip posi-
tions along the trajectory were obtained via direct kinematics
and the corresponding Jacobian JM was computed. Figure 5
shows the simulation results. These results verify that the
computed JM is tangent to the macro motion trajectory.
yˆb
zˆb
Insertion
depth
5 mm
2 mm
JM
positions
Fig. 5. The macro motion simulation and the micro motion Jacobian
computed during the simulation (red indicates inserted portion, blue
indicates empty portion). The Jacobian JM is shown in brown arrows
representing induced tip velocities.
To verify Jµ, the secondary backbones were assumed
locked and the EMB insertion depth qs was varied. The Jaco-
bian Jµ was computed and plotted for each EMB depth. Two
different scenarios of modeling uncertainty were considered:
λ= 0 and λ= 0.2+0.025qs. The results in Fig. 6(a)(b) ver-
ify that Jµ is tangent to the micro scale trajectory generated
by direct kinematics.
Figure 6(c) shows the plots of the identification Jacobian
Jk for the simulation scenario where λ 6= 0, revealing how
the parameter errors of modeling uncertainty affect the tip
positions and hence the shape of the trajectory.
6 Experimental Validations
In [11] the feasibility of micro motion through equilib-
rium modulation was demonstrated. The following experi-
ments evaluate the ability of our simplified kinematic model
to capture the micro-motion behavior, validate the calibra-
tion framework in section 4, and assess the accuracy of the
updated kinematic model in reflecting the experimental data.
6.1 Experimental Setup & Ground Truth Data
A single-segment continuum robot with EMB insertion
actuation was used as the experimental platform, Figure 7.
The platform was presented in [11], and it was modified
from an earlier multi-backbone continuum robot design [32].
To observe the robot tip motion at different scales, one HD
camera (FLIR Dragonfly II®) was used to capture the macro
motion and the bending shape while an identical camera
mounted on a 22.5× microscope lens to capture the micro
motion. Custom “multi-circled” marker was used to track
the tip motion under microscope while multiple custom “X”
markers were attached to the continuum robot body to ob-
serve the bending shape. The vision measurement methods
used were presented in [11] with the micro motion tracking
accuracy being reported better than 2 µm.
Fig. 7 shows the frames used and also previously re-
ferred to in Fig. 4. The microscope is fixed at a known off-
set relative to the robot base, and such offset is represented
as a constant transformation from the image frame {I} to
the robot base frame {B}. The tracked marker frame {M}
is placed at a known offset relative to the end disk (gripper
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xˆI xˆIxˆI
yˆI yˆIyˆI
{I}{I}{I}
xˆg xˆg xˆg
zˆg zˆg zˆg {G}{G}{G}
10µm20µm 20µm
JµJµ
positions
positionspositions
J
(1)
k - column 1
J
(2)
k - column 2
(a) Motion Jacobian simulation
λ = 0
(b) Motion Jacobian simulation
λ = 0.2 + 0.025qs
(c) Identification Jacobian simulation
λ = 0.2 + 0.025qs
Fig. 6. Simulations verifying derivations of Jacobians: (a) micro motion Jacobian when λ = 0; (b) micro motion Jacobian when λ 6= 0; (c)
error propagation using Jk and dkλ where perturbations were overlapped in simulated trajectory.
{B}
Marker
{G}
{I} {I}
Camera
Microscope
Robot
{M}
{M}
Marker under
Microscope(a)
(b)
(c)
200µm
Fig. 7. Experimental Setup: (a) a single-segment continuum robot
whose motion is captured by two cameras; (b) the side view of the
setup; (c) the segmented marker under the microscope view.
frame {G}), and the transformation is represented as a con-
stant transformation between {M} and {G}. The marker po-
sition and orientation in the image frame is obtained by the
segmentation of the three circles that construct an asymmet-
ric pattern, as shown in Fig. 7(c).
{I} xˆI
yˆI
10 µm
Measured
Filtered
Fig. 8. One example of image-segmented tip positions under micro-
scope when macro bending angle θ= 45◦
The multimedia extension and Fig. 8 show a sample
marker frame trajectory during EMB insertion where the
macro motion bending angle was chosen to be θ= 45◦. The
marker positions were segmented from microscope images
collected at 30 frames per second. Applying a butterworth
infinite impulse response filter with the 3-dB frequency as 30
Hz, provided a smooth trajectory for calibration. Results of
more experiments are plotted in Fig. 9: five macro bending
angle configurations, θ = 15◦,30◦,45◦,60◦,75◦, were cho-
sen to sample the workspace, and for each value of θ, ten
repetitions of the EMB insertion experiment were conducted.
Figure 9 shows that the turning point phenomenon exists
over the entire workspace.
θ = 15◦
20 µm
θ = 30◦
θ = 45◦
θ = 60◦
θ = 75◦
Fig. 9. Averaged micro motion trajectories under microscope when
the macro bending angles θ = 15◦,30◦,45◦,60◦,75◦. Each plot-
ted trajectory is obtained by averaging over 10 repetitions of the EMB
insertion experiment at the particular macro bending angle.
6.2 Model Calibration
Using calibration method in section 4, we calibrated the
modeling uncertainty parameter vector kλ . The parameter
vector kλ in Eq. (18) consists of three elements, a bias term
kλ0 , a coefficient gain kλθ that is associated with the nomi-
nal bending angle θ, and a coefficient gain kλq that relates
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to the EMB insertion depth qs. As a preliminary study, in
this paper, we focus on investigating and calibrating kλ0 and
kλq . To obtain the value of kλθ , there are multiple possible
solutions. In one method, after collecting observation data
of micro motion trajectories from sufficient groups varying
bending configuration θ, one could use the same calibration
method with the identification Jacobian Jk that includes the
third column corresponding to kλθ . In another method, one
could first calibrate kλ0 and kλq for each micro motion trajec-
tory that is observed in a particular bending configuration θ,
followed by generating an interpolating lookup table in the
format of (kλ0 ,kλq) = fLookup(θ).
Algorithm 1 was initialized with kλ0 = 0, kλq = 0. In
each iteration, the modeled positions were computed using
the current estimates of the parameters. The aggregated error
vector was then calculated between the modeled and experi-
mental positions. For each iteration, both of the current esti-
mates of the parameters and the position root-mean squared
errors (RMSE) of all insertion samples (382 in total) were
reported. A relative convergence threshold of 0.1% was used
to determine the convergence.
For the particular experimental data collection shown
in Fig. 8, the parameter estimation (model calibration) went
through 46 iterations before converging, where a step size of
η= 0.1 was selected (η as introduced in Algorithm 1). Fig-
ure 10(a) shows selected iterations during the estimation, and
the details of the iterations are reported in Table 3. The es-
timation started with an initial position RMSE of 44.27 µm,
and after its convergence, the position RMSE was reduced to
5.82 µm, showing an improvement of 86.8% in model errors.
By dividing the tip trajectory into two segments, we
observe that the current simplistic modeling approach pro-
duced bigger errors after the turning point: the RMSEs were
reported as 4.87µm and 6.63µm for the two segments be-
fore and after turning point that had the lengths of 48.11µm
and 38.82µm, respectively. If one wishes to further improve
the model accuracy, a model that only predicts the trajec-
tory before the turning point may be considered. We there-
fore considered another calibration where only the partial
micro motion trajectory before the turning point was used.
With the same iteration step size and convergence criterion,
the estimation went through 59 iterations to converge, and
the updated results were reported in Table 4 and plotted in
Fig. 10(b). The position RMSE was then further improved to
4.76µm.
Table 3. Calibration using full micro motion trajectory
Iteration 0 5 10 20 30 45 46
kλ0
100
0 4.22 6.72 9.06 9.88 10.23 10.24
kλq
1000
0 2.7 4.3 5.7 6.3 6.5 6.5
RMSE [µm] 42.27 15.71 25.40 7.72 6.07 5.82 5.82
6.3 Limitations
This work focused on creating a simplistic, yet fast
model for equilibrium modulation control implementation.
Table 4. Calibration using partial micro motion trajectory
Iteration 0 5 10 20 30 58 59
kλ0
100
0 4.22 6.72 9.06 9.88 10.30 10.30
kλq
1000
0 2.7 4.3 5.7 6.3 6.5 6.5
RMSE [µm] 19.51 13.01 9.30 6.12 5.17 4.76 4.76
The kinematic model traded accurate mechanics modeling
(which typically leads to solving nonlinear boundary value
problems) with simplicity and speed of computation. In this
simplistic model, one EMB is assumed to be inserted through
the central backbone, or equivalently, multiple EMBs are as-
sumed to be inserted in coordination such that a shared inser-
tion separation plane can be defined (shown as Fig. 2). Hence
the current method limits the use of modeled micro motion
to be coplanar with the macro bending plane, making the
controllable micro motion have only one degree of freedom
(DoF). A more sophisticated modeling method could po-
tentially capture any arbitrary insertions of multiple EMBs,
which enables the full capability of the micro motion mech-
anism that can generate spatial motions, for example, spiral
motion.
Our experimental data showed an unexpected motion
behavior manifested by a turning point along the micro-
motion trajectory. The model presented in this paper does
not offer a physical explanation to this behavior, but can cap-
ture this behavior for a given robot. The model calibration
results indicate that there is still a potential to improve the
model performance by further investigating alternative mod-
eling assumptions and different descriptions of modeling un-
certainties. One of the limitations of our approach can be
inferred from the simulation shown in Fig. 6, where both
columns of the identification Jacobian are almost aligned
with the tangent to the direct kinematics trajectory. The at-
tainable correction directions that the column-space of Jk af-
fords is therefore limited in reshaping the model trajectory.
This was also observed from the experimental validation.
Shown from the iterations in Fig. 10, it is difficult to reshape
the modeled tip trajectory in the direction that is perpendicu-
lar to the trajectory. The other limitation is potentially caused
by the choice of linearity in expressing the modeling uncer-
tainty, which may not be descriptive enough.
7 Conclusion
This work presented the first modeling attempt for a
new class of continuum robots capable of multi-scale mo-
tion. These robots achieve macro-scale and micro-scale mo-
tions through direct and indirect actuation (equilibrium mod-
ulation). Instead of focusing on a high-fidelity mechanics-
based model, which typically leads to non-linear boundary
value problems not easy to adopt for real-time control or
parameter identification, this paper presented a simplified
mechanics-based model utilizing moment coupling effects
between sub-segments of the continuum robot. This ap-
proach generates a differential kinematics model that covers
both macro and micro-motion. As a result of unavoidable
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kλ = [0, 0]
T
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Iteration 0
kλ = [0, 0]
T
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Iteration 10
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T
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T
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T
RMSE = 5.82 µm
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T
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Fig. 10. Experimental data and model iterations during the parameter estimation (model calibration).
parameter uncertainty, we presented a model-calibration ap-
proach that can compensate for parameter inaccuracy, fric-
tion effects and modeling inaccuracies due to the simplistic
modeling assumptions. The modeling approach along with
the calibration framework was validated experimentally on a
multi-backbone continuum robot. The calibrated model re-
ported a positional root-mean-squared error as 5.83 µm if one
wishes to use the model for the entire motion profile with the
turning point. If one chooses to exclude motions past the
turning point, the calibrated model fit the experimental data
with an accuracy of 4.76 µm. Future work will focus on in-
vestigations on a more sophisticated models capable of in-
corporating geometric constraints as well as minimizing me-
chanical energy for improved model accuracy. In addition,
effects of direction reversal of EMB insertion can manifest
in hysteresis, which has not been explored in this work, but
still remains the topic of ongoing research.
8 Multimedia Extension
The video shows the micro-motion trajectory during
EMB insertion. The following is a link that would ideally
be placed and linked on AMSE website if the paper is ac-
cepted. If ASME has no way of hosting these videos, then
we can maintain them on our website.
Multimedia https://youtu.be/4GlLQwXUJpI.
Acknowledgements
This work was supported by NSF grant #CMMI-
1537659. Any opinions, findings, and conclusions or rec-
ommendations expressed in this material are those of the au-
thor(s) and do not necessarily reflect the views of the Na-
tional Science Foundation.
References
[1] Kwartowitz, D. M., Herrell, S. D., and Galloway, R. L.,
2006. “Toward image-guided robotic surgery: deter-
mining intrinsic accuracy of the da Vinci robot”. Inter-
national Journal of Computer Assisted Radiology and
Surgery, 1(3), Oct., pp. 157–165.
[2] Kwartowitz, D. M., Herrell, S. D., and Galloway, R. L.,
2007. “Update: Toward image-guided robotic surgery:
determining the intrinsic accuracy of the daVinci-S
robot”. International Journal of Computer Assisted Ra-
diology and Surgery, 1(5), Feb., pp. 301–304.
[3] Kanazawa, T., Sarukawa, S., Fukushima, H., Takeoda,
S., Kusaka, G., and Ichimura, K., 2011. “Current re-
constructive techniques following head and neck can-
cer resection using microvascular surgery.”. Annals of
vascular diseases, 4(3), Jan., pp. 189–95.
[4] Slutsky, D. J., 2014. “The management of digital nerve
injuries.”. The Journal of hand surgery, 39, pp. 1208–
15.
[5] Chen, C., Tang, P., Zhang, L., and Wang, B., 2014.
“Treatment of fingertip degloving injury using the bi-
laterally innervated sensory cross-finger flap.”. Annals
of plastic surgery, 73, pp. 645–51.
[6] Lohmeyer, J. A., Kern, Y., Schmauss, D., Paprottka, F.,
Stang, F., Siemers, F., Mailaender, P., and Machens, H.-
G., 2014. “Prospective clinical study on digital nerve
repair with collagen nerve conduits and review of lit-
erature.”. Journal of reconstructive microsurgery, 30,
pp. 227–34.
[7] Yu, H., Shen, J.-H., Joos, K. M., and Simaan, N., 2016.
“Calibration and integration of b-mode optical coher-
ence tomography for assistive control in robotic micro-
surgery”. Transactions on Mechatronics, 21(6).
[8] Zuo, S., Hughes, M., and Yang, G.-Z., 2017. “Flexi-
ble robotic scanning device for intraoperative endomi-
croscopy in mis”. IEEE/ASME Transactions on Mecha-
tronics, 22(4), pp. 1728–1735.
[9] Fujimoto, J. G., 2003. “Optical coherence tomogra-
phy for ultrahigh resolution in vivo imaging”. Nature
biotechnology, 21(11), pp. 1361–1367.
[10] Luo, W., Nguyen, F. T., Zysk, A. M., Ralston, T. S.,
Brockenbrough, J., Marks, D. L., Oldenburg, A. L.,
and Boppart, S. A., 2005. “Optical biopsy of lymph
JMR-18-1255, Simaan, 12
node morphology using optical coherence tomogra-
phy”. Technology in cancer research & treatment, 4(5),
pp. 539–547.
[11] Del Giudice, G., Wang, L., Shen, J.-H., Joos, K., and
Simaan, N., 2017. “Continuum robots for multi-scale
motion: Micro-scale motion through equilibrium mod-
ulation”. In Intelligent Robots and Systems (IROS),
2017 IEEE/RSJ International Conference on, IEEE,
pp. 2537 – 2542.
[12] Robinson, G., and Davies, J., 1999. “Continuum robots
- a state of the art”. Proceedings 1999 IEEE Interna-
tional Conference on Robotics and Automation (Cat.
No.99CH36288C), 4.
[13] Simaan, N., Taylor, R., and Flint, P., 2004. “A dex-
terous system for laryngeal surgery”. In IEEE Interna-
tional Conference on Robotics and Automation, 2004.
Proceedings. ICRA ’04. 2004, Vol. 1.
[14] Egeland, O., 1987. “Task-space tracking with redun-
dant manipulators”. IEEE Journal on Robotics and Au-
tomation, 3(5), Oct., pp. 471–475.
[15] Comparetti, M. D., Vaccarella, A., Dyagilev, I.,
Shoham, M., Ferrigno, G., and De Momi, E., 2012.
“Accurate multi-robot targeting for keyhole neuro-
surgery based on external sensor monitoring”. Proceed-
ings of the Institution of Mechanical Engineers, Part H:
Journal of Engineering in Medicine, 226(5), pp. 347–
359.
[16] Hodac, A., and Siegwart, R. Y., 1999. “Decoupled
macro/micro-manipulator for fast and precise assembly
operations: design and experiments”. In Proc. SPIE
3834, Microrobotics and Microassembly, B. J. Nelson
and J.-M. Breguet, eds., pp. 122–130.
[17] Entsfellner, K., Strauss, G., Berger, T., Dietz, A., and
Lueth, T. C., 2012. “Micro-Macro Telemanipulator for
Middle-Ear Microsurgery”. In Robotics; Proceedings
of ROBOTIK 2012; 7th German Conference on, VDE,
pp. 1–4.
[18] Abiko, S., and Yoshida, K., 2004. “On-line parame-
ter identification of a payload handled by flexible based
manipulator”. In 2004 IEEE/RSJ International Confer-
ence on Intelligent Robots and Systems (IROS) (IEEE
Cat. No.04CH37566), Vol. 3, IEEE, pp. 2930–2935.
[19] Cho, C., Kang, S., Kim, M., and Song, J.-B., 2005.
“Macro-micro manipulation with visual tracking and its
application to wheel assembly”. International Journal
of Control, Automation, and Systems, 3(3), pp. 461–
468.
[20] Kim, J., Janabi-Sharifi, F., and Kim, J., 2008. “A
physically-based haptic rendering for telemanipulation
with visual information: Macro and micro applica-
tions”. In 2008 IEEE/RSJ International Conference on
Intelligent Robots and Systems, IEEE, pp. 3489–3494.
[21] Nagatsu, Y., and Katsura, S., 2013. “Macro-micro bi-
lateral control using Kalman filter based state observer
for noise reduction and decoupling of modal space”. In
IECON 2013 - 39th Annual Conference of the IEEE
Industrial Electronics Society, IEEE, pp. 4192–4197.
[22] Portman, V. T., Sandler, B.-Z., and Zahavi, E., 2001.
“Rigid 6-DOF parallel platform for precision 3-D mi-
cromanipulation”. International Journal of Machine
Tools and Manufacture, 41(9), July, pp. 1229–1250.
[23] Shoham, M., 2005. “Twisting wire actuator”. Journal
of Mechanical Design, 127(3), pp. 441–445.
[24] Rul, C., Wang, X., and Guo, S., 2007. “A Novel Tool
Using SMA Actuator for cell puncturing”. In SICE An-
nual Conference 2007, IEEE, pp. 254–258.
[25] Yun, Y., and Li, Y., 2008. “A novel design and anal-
ysis of a 3-DOF parallel manipulator for micro/nano
manipulation”. In 2008 IEEE Workshop on Advanced
robotics and Its Social Impacts, IEEE, pp. 1–6.
[26] Xu, K., and Simaan, N., 2010. “Analytic Formulation
for Kinematics, Statics and Shape Restoration of Multi-
backbone Continuum Robots via Elliptic Integrals”.
Journal of Mechanisms and Robotics, 2, p. 011006.
[27] Rone, W. S., and Ben-Tzvi, P., 2014. “Continuum robot
dynamics utilizing the principle of virtual power”.
IEEE Transactions on Robotics, 30(1), pp. 275–287.
[28] Rucker, D. C., and Webster III, R. J., 2011. “Statics
and dynamics of continuum robots with general tendon
routing and external loading”. IEEE Transactions on
Robotics, 27(6), pp. 1033–1044.
[29] Li, Z., Ren, H., Chiu, P. W. Y., Du, R., and Yu, H., 2016.
“A novel constrained wire-driven flexible mechanism
and its kinematic analysis”. Mechanism and Machine
Theory, 95, pp. 59–75.
[30] Dupont, P. E., Lock, J., Itkowitz, B., and Butler, E.,
2010. “Design and control of concentric-tube robots”.
Robotics, IEEE Transactions on, 26(2), pp. 209–225.
[31] Webster III, R. J., Romano, J. M., and Cowan,
N. J., 2009. “Mechanics of precurved-tube continuum
robots”. IEEE Transactions on Robotics, 25(1), pp. 67–
78.
[32] Xu, K., and Simaan, N., 2008. “An investigation
of the intrinsic force sensing capabilities of contin-
uum robots”. IEEE Transactions on Robotics, 24(3),
pp. 576–587.
[33] Simaan, N., 2005. “Snake-Like Units Using Flexible
Backbones and Actuation Redundancy for Enhanced
Miniaturization”. In Proceedings of the 2005 IEEE
International Conference on Robotics and Automation,
IEEE, pp. 3012–3017.
[34] Goldman, R. E., Bajo, A., and Simaan, N., 2014.
“Compliant motion control for multisegment contin-
uum robots with actuation force sensing”. IEEE Trans-
actions on Robotics, 30(4), pp. 890–902.
[35] Roy, R., Wang, L., and Simaan, N., 2017. “Modeling
and estimation of friction, extension, and coupling ef-
fects in multisegment continuum robots”. IEEE/ASME
Transactions on Mechatronics, 22(2), pp. 909–920.
[36] Wang, L., and Simaan, N., 2014. “Investigation
of Error Propagation in Multi-Backbone Continuum
Robots”. In Advances in Robot Kinematics, pp. 385–
394.
[37] Xu, K., and Simaan, N., 2010. “Intrinsic Wrench Es-
timation and Its Performance Index for Multisegment
Continuum Robots”. IEEE Transactions on Robotics,
JMR-18-1255, Simaan, 13
26(3), June, pp. 555–561.
[38] Siciliano, B., and Khatib, O., 2008. Springer handbook
of robotics. Springer Science & Business Media.
Appendix A: Deriving ∂φ∂θ ,
∂φ
∂δ ,
∂φ
∂qs &
∂φ
∂kλ
Rewriting Eq. (19) and Eq. (16) in a matrix form yields:
[
k1+ k2+ ks −k1
k1 −k1
]
︸ ︷︷ ︸
, A(ψ,qs,θs)
[
θs
θ′
]
=
[
(k2+ ks)θ0−λ
k0(θ0−θ)
]
︸ ︷︷ ︸
, B(ψ,qs,kλ,θs)
(A.1)
where A and B are defined as functions of {ψ,qs,θs} and
{ψ,qs,kλ,θs} respectively. Using the definition of φ, yields:
A

[
1 0
1 1
]
︸ ︷︷ ︸
, S0
[
θs
θε
]
︸ ︷︷ ︸
φ
−
[
0
θ0
]
︸ ︷︷ ︸
, C0
= B (A.2)
By introducing two constant matrices in the above equation,
S0 and C0, we have obtained the equation to differentiate:
A (S0 φ−C0) = B, A ∈ IR2×2,B ∈ IR2,C0 ∈ IR2 (A.3)
The full differentiation may be expressed as:
(dA) (S0 φ−C0)+(AS0) dφ = dB (A.4)
Using X′a to denote the partial derivative of matrix X w.r.t
the scalar variable a, i.e. X′a , ∂X∂a , then dA and dB may be
written as:
dA= A′θ dθ+A
′
δ dδ+A
′
qs dqs+A
′
θs dθs (A.5)
dB= B′θ dθ+B
′
δ dδ+B
′
qs dqs+B
′
θs dθs+∑
nk
i B
′
kλi
dkλi
(A.6)
Let us define Cφ and Γa to provide ease in the derivations:
Cφ , S0φ−C0, Γa = B′a−A′aCφ (A.7)
where the letter a ∈ {θ,δ,qs,θs}.
By substituting Eq. (A.5) and Eq. (A.6) into Eq. (A.4),
and by using the definitions of Cφ and Γa, we have:
(AS0)
[
dθs
dθε
]
− [Γθs 0 ] [ dθsdθε
]
=
Γθ dθ+Γδ dδ+Γqs dqs+∑
nk
i B
′
kλi
dkλi
(A.8)
This equation shows the full differentiation of Eq. (35) and
all the Jacobians can be obtained directly by their defini-
tions, i.e., the expressions of
{
∂φ
∂θ ,
∂φ
∂δ ,
∂φ
∂qs ,
∂φ
∂kλi
∈ IR2×1
}
may
be written as:
∂φ
∂θ
= (AS0−ΓθsS1)−1 Γθ (A.9)
∂φ
∂δ
= (AS0−ΓθsS1)−1 Γδ (A.10)
∂φ
∂qs
= (AS0−ΓθsS1)−1 Γqs (A.11)
∂φ
∂kλi
= (AS0−ΓθsS1)−1 B′kλi (A.12)
where S1 = [1,0] is just a selection matrix.
Appendix B: Derivation of The Jacobian Partitions for
the Multi-segment case
Equations (54), (55) and (56) refer to the Jacobian ma-
trix partitions for the two-segment case where the first seg-
ment is the inserted subsegment (indicated vby superscript
s) and the second segment is the empty subsegment (indi-
cated by subscript ε). The Jacobian partitions represent the
effects of differentials on θi and δi that contribute to the end-
effector’s translational and rotational differential, labeled by
subscripts ‘v’ and ‘ω’, indicating ‘velocity’ and ‘angular ve-
locity’, respectively. The expressions of {Jvθi , Jωθi , Jvδi ,
Jωδi} are extracted from [37] as:
Jvθi = Di
 cδi χai−sδi χai
χbi
 , Jωθi =
−sδi−cδi
0
 (B.1)
Jvδi = Di
sδi χcicδi χci
0
 , Jωδi =
 cδisθi−sδicθi
−1+ sθi
 (B.2)
Where c(·) and s(·) denote the cosine and sine functions, and
Di represents the length of the subsegment. For the inserted
subsegment, Ds = qs; and for the empty subsegment, Dr =
L− qs. In addition, the following shorthanded notations are
used:
χai =
(θi−θ0)cθi − sθi +1
(θi−θ0)2 (B.3)
χbi =
(θi−θ0)cθi + cθi
(θi−θ0)2 , χci =
sθi −1
θ0−θi (B.4)
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